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INTEGRAL DUBROVIN VALUATION RINGS

PATRICK J. MORANDI AND ADRIAN R. WADSWORTH

ABSTRACT. In the preceding paper, Dubrovin valuation rings integral over their
centers in central simple algebras were characterized by value functions. Here,
these value functions are used to give a method for extending integral Dubrovin
valuation rings in generalized crossed product algebras. Several applications of
this extension theorem are given, including new and more natural proofs of
some theorems on valued division algebras over Henselian fields.

1. INTRODUCTION

This paper is a sequel to [M, ]. In previous papers [D,, D,, BG, W,] a
strong case has been made that Dubrovin valuation rings are a very good gen-
eralization to central simple algebras of the classical valuation rings on fields
and division algebras. While Dubrovin valuation rings do not come equipped
with a valuation, it was shown in [M, ] that there is a value function associated
to every Dubrovin valuation ring integral over its center. We give here several
applications of this result which use value functions in order to construct inte-
gral Dubrovin valuation rings. These lead to generalizations (with much better
proofs) of some theorems from [JW and W, ].

The arguments given here show the advantages of working with Dubrovin
valuation rings on central simple algebras, even if one were primarily interested
in valuation rings in division rings. For, with crossed product constructions and
with tensor products, the end result is usually a central simple algebra, and it can
be very difficult to get back to the underlying division algebra. It was precisely
this difficulty that made some of the proofs in [JW] awkward and indirect.

Our main result here is Theorem 2.1 on extending integral Dubrovin valua-
tion rings to generalized crossed product algebras. This theorem is applied in
§3 to give generalizations to integral Dubrovin valuation rings of the following
theorems on valued division algebras over Henselian fields: the inertial exten-
sion theorem [JW, Theorem 3.1], the homological description of inertially split
division algebras [JW, Theorem 5.6(b)] and the description of the value group
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and residue ring of the tensor product of an inertially split and a totally ramified
division algebra [JW, Theorem 6.3]. In addition, we give another tensor prod-
uct theorem generalizing [W , , Proposition 2]. This generalization was invoked
already in [W, ] in determining the possible residue rings of division algebras
over a Henselian field. Finally, in §4 we construct a few examples showing the
need for some of the hypotheses for the theorems in §3.

The notation and terminology of this paper will follow [M, ]. In particular,
if B is a Dubrovin valuation ring of a central simple F-algebra S, andif V =
BNF (avaluationringof F), J(B) is the Jacobson radical of B, B = B/J(B),
S” is the group of units of S, st(B) = {s€S* |sBs~' =B}, I', =st(B)/B",
the (linearly ordered) value group of B, and 6,:T /T, — £(Z(B)/V) is the
map induced by conjugation by elements of s¢(B). If (F,,V,) is the Henseliza-
tion of (F,V) then ny is the matrix size of S®; F,, t, is the matrix size of
B and sp = ng/tp (an integer by [W |, Theorem D]).

2. THE MAIN THEOREM

In this section we prove the main theorem of this paper. The generality of
Theorem 2.1 makes it somewhat cumbersome to state. However, no less general
formulation would cover all the applications given in §3. Since the theorem
deals with generalized crossed products, we give a very brief introduction to
generalized crossed products.

Recall that a central simple F-algebra S is called a crossed product when
S contains a subfield K such that K/F is Galois and [K : F] =+/[S: F] =
deg(S). In this case S has a direct sum decomposition as a K-vector space
in which multiplication is described completely by K, the Galois group G =
Z(K/F), and a certain 2-cocycle in Z*(G,K").

A more general situation is for S to contain a Galois extension K of F
which may have [K : F] < y/[S: F]. Such an algebra is then called a gen-
eralized crossed product for K over F. Generalized crossed products are
discussed in [T, J,, J, and KY]. Just as for crossed products, generalized
crossed products can be described “homologically”: let S be a central sim-
ple F-algebra and K C S a subfield Galois over F with G = £(K/F). Let
C = Cy(K), the centralizer of K in S. So C is a central simple K-algebra and

deg(S) = deg(C)[K : F]. By the Noether-Skolem theorem there are x € S*
for ¢ € G such that xaax;' =0o(a) forall ae K. For 0,7€ G, xdxtxa_rl

centralizes K, so liesin C*. Let w: G — Aut(C) and f: Gx G — C* be
defined by

. -1
w, = w(o) =inn(x )|, flo,1)=x,x.x,, ,

where inn(s) is the map on S given by a — sas”! for s € S*. We then have

(1) w,(a)=oa(a) for aek,
(2) w,w, =inn(f(o,7))w,, foral o,7€G,
(3) o, (f(r,p)f(o,1p)= f(o,7)f(07,p) forall 0,7,p€C.




INTEGRAL DUBROVIN VALUATION RINGS 625

Furthermore, S = @ , and multiplication is given by

aeG
(%) (ex,)(dx,) = [cw, (d)f(0,7)]x,,

The couple (w, f) satsifying (1)-(3) is called a generalized cocycle. Conversely,
starting with a central simple K-algebra C and a generalized cocycle (w, f)
one can construct an algebra T as T = @, Cx, with multiplication given by
(*) (extended bilinearly to 7). It is known that 7 is a central simple F-algebra
containing copies of C and K with C = C,(K). This generalized crossed
product for K over F isdenoted (C,G,(w, f)). Justas in the case of ordinary
cocycles there is a notion of equivalence of generalized cocycles; changing a
generalized cocycle to an equivalent one corresponds to changing the choice of
the x, (to ¢,x, where ¢, € C). Furthermore, one calls a generalized cocycle
normalized when x,, = 1, that is when w, =id and f(id,7) = f(7,id) =1
for all T € G. The proofs of these statements are straightforward and can be
found in the references given above.

Given a generalized crossed product S = (C,G,(w, f)) one would like to
find out information about Dubrovin valuation rings of S from information
known about Dubrovin valuation rings of C and vice versa. The following
result does this for integral Dubrovin valuation rings.

For this result we set up some notation. Let C be a central simple K-algebra.
Suppose C has an integral Dubrovin valuation ring A, i.e. 4 is a Dubrovin
valuation ring integral over its center. Let W = ANK . Suppose K is a Galois
extension of a field F with G = £(K/F), |G| =n, V = WNF and that
W/V is indecomposed. Let (w,f) be a normalized generalized cocycle and
S the generalized crossed product (C,G,(w, f)). Say S = @,;Cy,, with
multiplication given by (x). We first notice that since W/V is indecomposed,
o(W) =W forall ¢ € G, so yoAya_l is a Dubrovin valuation ring lying
over W in C, hence by [W ,, Theorem A] there are ¢, €C * with y aAyU_l =
c,Ac;'. Soif x, = 'y, (xy = 1) then x,Ax;' =4 and § = Dyec Cx
Replacing the y_ by the x, corresponds to replacing (w, f) by an equ1valent
cocycle, as mentioned above. So this change does not affect the algebra S. We
assume (w,f) has been modified this way. It was shown in [M,, Corollary
2.5] there is a value function w on C corresponding to 4. Using w, we
define a function w’ on S by W' (X, ¢,%,) = min {w(c,) +w(x,)}, where
w (x = ‘El lu)(f(a ,0)) in the divisible hull A, of I',. Set B={se S |
w'(s) 20}

Theorem 2.1. With the notation above, w' is a value function on S and the
map o: G — A, /T, given by o(o) = 'w'(x )+ T, is @ homomorphism. Let
I = ker(a). Suppose that the w, induce distinct automorphisms of Z(A A) for
g €I. Then B is an integral Dubrovzn valuation ring with

I,=T,+{w'(x,)|ceG}),
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hence T'p/T , = im(a) = G/I . Furthermore, B is a generalized crossed product
4,1, (@, 8)). where I' is a group isomorphic to 1 and consists of the automor-
phisms of Z(A) induced by the w,. So Z(B) = F(I') € Z(A). In addition,
B is a compatible extension of A, 6(B) = 6(A)d(W/V), ﬂa(w'(xo) +I,) =
w, | 2(B) for o € G, and the following diagram is commutative:
0, —
/T, =% Z(ZA)/W)
res
0 —_ p—
/Ty, = Z(ZB)/V),
where 0 ,, is the map induced by 0, .
Proof. Since we are assuming that the x_ have been chosen to satisfy x, Axa_l =
A, it is clear that wow, = w, hence f(o,7) € st(4) forall g,7€ G. The
equation

(2.2) w'(x,))+w'(x,) =w(f(o,1) +w(x,,)

can be seen as follows: let ¢ = deg(C), s = deg(S) and n = [K : F]. So
cn=s.As x x = flo,7)x X, if v = w|; , a valuation on K, we have

(2.3) v(Nrd(x,)) +v(Nrd(x,)) = v(Nrd(f(o,7))) + v(Nrd(x,,)).
If N is the reduced norm on C, then Nrd|. = NgjpoN by [R, 9.14], and
since x) =[] lfa o)eC,

v(Nrd(x, ))— —v(Nrd(x, ))— V(N (N (x,)))

Zv (f(a',0) )-cZ ~v(N(f(d',0)))

S wifle' o)) = su'(x,)
i=1

as W/V is indecomposed and w(t) = 1v(N(t)) for t € st(A4). Also
v(Nrd(f(o,7)) = v(Ng,r(N(f(0,1)))
=nv(N(f(0,1))) = %v(N(f(G,T)) =sw(f(o,7)).

Using this in (2.3) and dividing by s gives (2.2). This shows a is a homo-
morphism. We verify that w’ satisfies the axioms for a value function given in
[M,, Definition 2.1]:

(1) w'(s +¢) > min{w'(s),w'(¢)}: Say s =3 ¢, x, and 1 =) d x,
w'(s+1) = min_{w(c, +d,)+w'(x,)} . Suppose the minimum occurs at 7 and

that w(c,) < w(d) Then
wi(s+1)=w (c, +d)+w'(x ) >w(c)+w'(xr)
> mm{w( )+ w (x )} =w'(s)

/

> mm{w (s),w (1)}
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(2) w'(st) > w'(s) +w'(¢): First, if s=c,x, and t =d, x_ then

w'(st) = w'(caa)a(dt)f(a ,T)X,,) =w(c,w,(d,)f(a,7))+ w'(xm)
> w(c,) + w(w,(d,)) +w(f(o,7) +w'(x,,)
=w(c,) +w(d,)+w'(x,) +w'(x,) = w'(s) +w'(1)

by (2.2). In general, write s =} s, and t=}_ .t where s =c,x and
t,=d x,. Then

w'(st) =w' (Zsatt) > min{w "(s,t.)}

> q}ip{w'(sa) +w'(e)} = main{w'(sa)} + mtin{w'(tt)}

(3) im(w') = w'(st(w’)): Recall that st(w’) = {s € §* | w'(s™') =

5)}. By the definition of w', im(w’) = im(w) + {w'(x,) | 0 € G}).

Now zm( ) = w(st(w )) C w'(st(w")) since w'|. = w. Because x,' =

fa™',o)! X, 15 '(xa )= —w(f(c™",0)) +w'(x,,). Also, by (2.2), since

x,.x, = fle~',0), w'(x,.) + w'(x,) = w(f(e~',0)). Thus w'(x]") =

—w(x,), so x, € st(w'). Therefore im(w') C w'(st(w’)), hence im(w') =
w'(st(w")). Thus w’ is a value function on §.

Let B={seS|w(s)>0}and J={seS|w(s)>0}. To prove
B is a Dubrovin valuation ring, by [M,, Theorem 2.4] we need to see that
B/J is simple Artinian. We will show B/J is a generalized crossed prod-
uct over 4. Now I = ker(a {a€G|w(x)eF} So, for 0 € I
there is an a, € st(A4) C c* w1th w( ,) =W (aa). We now modify the
x, (and modify (w, f) to an equivalent generalized cocycle) by replacing x,
by a;'xa for 0 € I. With the new x, we have w'(xa) =0 for 0 € 1.
Thus w(f(c,7)) =0 for o,7 €1, by (2.2). As A° = st(4A) N (4 — J(A)) by
[W,, Lemma 3.3], f(o,71)€ 4" for 6,7€1.

Let @, be the automorphism of A induced by conjugation by x_ , and
v, = Ealz(;). The y_ are distinct (for ¢ € I) by assumption. Let I =
{y,|oc€el} and gly,,v,) = f(d,71) €A for o, t€I. Weshow I' is
a group and (@, g) is a generalized cocycle for Z(4)/ (I'). First, to show
W, @, =inn(g(y, ,y,))o,,, for ae 4,

o,0,a)=0,(x,ax]') = x,x.ax.'x]' = w,0_(a)
= f(o, D0, (@) f(,1) " =0, 7)o, @ f@,7)
=g(v,,v,)®,,@g,,v,) " =(inn(g(y,,v,)d,,) )

as (w,f) is a generalized cocycle. Furthermore, if @ € Z(4), v, (a) =

a
®,.(@) € Z(4), 50 g(v,, )@, @e(,,v,)” =0,,@). Therefore v,
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¥,.- This shows I' is a group and the map I — I' given by ¢ — w, isa
homomorphism. Since the y_ are distinct, [ = I' . Second, we need to show
0,(8(v,,v,)eW,,v,,) =8V, v, )8, ¥,) . To see this,

@8, ¥,)8W,,¥,,) =0,(f(t,p)flo,1p) = w,(f(t,p)f(o,7p)
=f(o,7) f(o1,p) = 8(¥,, ¥, )8(W,,, ¥,).

T_hus (w,g) is a generalized cocycle; let 7 be the central simple algebra
(A,I',(@,g)). Weidentify I' with I when used as index sets. Thus, we write
T =@, Ay, with y_ 'dy”l =®,(a) for a€ 4 and yayry;l =g(y,,v,). If

Y scGCoXy € B then w(c)) + w'(xa) > 0 forall 0 € G. Hence ¢, € 4 for

o €1 since w'(x,) =0. For ¢ ¢ I, w'(x,) ¢ T, s0 w(,)+w(x,)>0.
Define h: B — T by h(},c;¢,x ) = Zae, ¢,y - Clearly h is an additive
group homomorphism, and ker(h) = {}_ .;c,Xx, € B|c, € J(A4) forallo €
I} = {>yecCXs €S| w'(ZUEG c,x,) >0} = J Surjectivity of & is also

clear. To see h preserves multiplication, if ) x, and > _-dx €B,

aeG
anxa-2d1x1=2(2cw d)f ))xp.
g€CG €G pEG \at=p

If pel and ot = p with 0 ¢ I then w'(caxa) and w'(d,xr) > 0; so
w(c,w,(d)f(o,1) =w'((c,x,)d,x,) >w'(,x,)+w(dx)>0.So

H(Sen Tax) - X T amaray,

o€G 1€CG pEl 0T=p
= Y 5 B,[@d)EW, W =D EV, D Y.
o,1€l o€l el

Hence A is a ring homomorphism, and so B/J = T . Thus by [M,, Theorem
2.4], B is a Dubrovin valuation ring of S. From the construction of w' it
is clear that I'y = imw') =T, + ({w'(xa)}) ,s0 I'p/T', = im(a) = G/I and
B=B/J=({4,I,,g). Since w'|. =w, J(4) = JNA and st(4) =
st(w) C st(w') = st(B). Hence B/A is compatible. The commutativity of the
diagram is clear. By definition of 6, and the isomorphism I';/I", = = im(w'),
since x_ € st(B), GB(w'(x )+T'},) is the map on Z (B) induced by conjugation
by x,, so HB(w'(xa)+l" ) =@,|,3 = V¥, - Finally, for the information about
the defect, we have

[S: F]=|G|[C: K]K : F]
= |G/I|I||T, : T, |[A : W16(A)[T,, : T, |[W : VI6(W/V)
= (ITy : T, : Ty IITy, : T 1) (I : W - VD)S(4)3(W/V)
=T, :T,|[B: VI6(A)s(W/V).

So, 6(B) = d(A)(W/V). O
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An alternative way to define w’ above is to set w'(x,) = Lw(Nrd(x,)). It
is shown in the proof of Theorem 2.1 that x, € st(B), so by [M,, Proposition
2.6] this formula for w'(xa) is valid. While this definition would simplify the
proof somewhat, it does not lend itself as well to actual computations.

Corollary 2.4. With notation of Theorem 2.1, let H be the kernel of the natural
homomorphism & (K/F) — (W V). Suppose INH =0. Then for ¢ €I the
w,, induce distinct automorphisms of Z (A), hence the conclusions of Theorem
2.1 apply.

Proof. The assumption that /N H = 0 means that the ¢ € I induce distinct
automorphisms of W. Since W C Z(A), this assures that the w, induce
distinct automorphisms of Z(A4), which is what is needed for Theorem 2.1.
O

3. APPLICATIONS OF THE MAIN THEOREM

In this section we will make use of Theorem 2.1 to generalize results of
[JW and W, ] to integral Dubrovin valuation rings. The first consequence is
a generalization of [JW, Theorem 3.1] for Galois inertial extensions. We will
follow the notation of §2. Note that if K/F is inertial (= unramified) with
respect to W/V then the H of Corollary 2.4 is zero, so the condition INH =0
is automatically satisfied. This is the case here.

Theorem 3.1. Suppose S is a central simple F-algebra, K/F an inertial Galois
extension relative to the valuation rings W/V . Let A be a Dubrovin valuation
ringin S ®, K with ANK = W, and B a Dubrovin valuation ring in S
with BNF = V. Then, Z(4) = Z(B)W, 4 ~ B®,5 Z(B)W,T /T, =

(?( (B)/(Z(B)NW))), 6(A) = 5(B) and M, (B) is a generalized crossed
product over A, where n = [K : F]. Furthermore, Sp <s,. In particular, if A
is integral then B is integral.

Proof First suppose A is integral. We have K = F @, K C S®y M, (F) =
M, (S) and S®, K = CM”(S)(F ®r K). So M, (S) is a generalized crossed
product over S ®, K with group G. Thus by Corollary 2.4, M (S) contains
an integral Dubrovin extension B, of V. Hence by [D , » Theorem 7, p. 280],
S contains a Dubrovin valuation ring B, /V and B, = M,(B,). B, is integral
as B, is integral. By [W,, Theorem A], B, = B. Since B, = Mn(ﬁ) is
a generalized crossed product over 4, 4 = C5-(Z (A)); hence 4 ~ B, ®, 5
Z(A) ~B®,3 Z(4). Z(A4)/Z(B) is a Galois extension with group /', and no
element of I’ other than the identity fixes W since Y, I =0 #1id for o #1id.
Hence %(Z(A)/Z(B)W) = {id}, so Z(B)W = Z(4). From the diagram
in 2.1, since 6, and 0 are surjective we see that the image of F A /Ty in
Z(ZB)V) is ?(Z(F)/(Z(F)OW)) ,so /Ty, =6, (?(Z(B)/ B)nW))).
Finally, since W/V is inertial, 6(W/V)=1, so 6(A) o(By) = 6(B) .
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Now drop the assumption of integrality. Let (F,,%,) and (K, ,W,) be the
Henselizations of (F,V) and (K, W) respectively. Let D and E be the
underlying division algebras of S®, F, and (S®; K)®; K, = S®; K
Since F, and K, are Henselian there are invariant valuation rings R C D and
R C E lying over V,, W,. By [W,, Theorem B}, B =R, 4 = F,FB =
[, T,=Tg,d(B)=6(R),d(A)= (R, 6y, =0y and 6, = 6, . Therefore
applymg what has been proven above to R and Mr(R') , where r is the matrix
size of D ® F K, , show the conclusions proven for A4 integral above hold in
general.

Tosee sy <s,,let VCV CV, beoverringsof V' in F and set B, =BV,
W,= WV, and A, = AW, = AV,. Since W/V is inertial, W,/V, is inertial.
The above arguments applied to B, and A2 show Z(B, ,)CZ (A ). Let f/: =
V/J(V,) and Wl W, [J(W,). So Wl/Vl is also inertial. Let /, (resp. l')
be the number of extensions of 7 (resp. W )to Z (}.'T) (resp Z(A, ,) ). Since
W/ V is 1ndecomposed [, is the number of extensions of W to Z(A,). As
Z(B,) C Z(4,), Wl extends in at most /, ways to Z(B,). Therefore li <.
Applying this to [W, Theorem D] the /; for B are less than or equal to the
corresponding /; for 4,50 s;<s,. O

The following corollary was pointed out to us by Tignol.

Corollary 3.2. Suppose S is a central simple F-algebra and V is a valuation
ring of F. If S is split by a Galois extension K of F containing an inertial
extension of V', then every Dubrovin valuation ring B of S lying over V is
integral over V .

Proof. Say S®, K = M, (K). If W is the inertial extension of V' to K, then
M, (W) is a Dubrovin valuation ring of M, (K) integral over W . Theorem
3.1 shows B is integral over V. O

In Theorem 3.1 we related the Dubrovin valuation rings B of S and A4 of
S ®, K by showing M, (B) is a compatible extension of 4 (after modifying
the choice of B). A more direct approach would be to choose 4 and B so
that A is a compatible extension of B. However, it turns out that this is often
not possible. We will show in Proposition 3.4 exactly when this can be done.

Lemma 3.3. Let S C T be central simple algebras. Then there is a value function
w on T (with B, a Dubrovin valuation ring) such that w|g is a value function
(with B, a Dubrovin valuation ring) iff there is a compatible extension A/B
of integral Dubrovin valuation rings with B a Dubrovin valuation ring of S and
Ao T.

Proof. Suppose w is a value function on T with w|g a value functionon §S.
If A is the integral Dubrovin valuation ring of 7 corresponding to w and
B corresponding to w|g, then it is clear that A/B is a compatible extension.
Conversely, suppose A/B is compatible. Let w be the value function on T
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corresponding to 4. Then B=ANS ={se S| w(s) >0} and J(B) =
{seS|w(s)>0}. Soif v =uwl|g then B, =B and J, = J(B) where B,
and J, are asin [M,, Lemma 2.2]. Therefore B /J, = B is simple Artinian.
To show v is a value function on S and B is a Dubrovin valuation ring, by
[M,, Theorem 2.4] it remains to show im(v) = v(st(v)). Take s € S. Since
B is integral, BsB = BB for some B € st(B). So AsA = B A, therefore
v(s) = w(s) = w(P). w(ﬂ_]) = —w(p) as B € st(B) C st(A) = st(w). Thus
B € st(v), and v(s) = w(B) = v(B) € (st(v)). Therefore v is a value function
onS. O

Proposition 34. Let S, K, F, W, V be as in Theorem 3.1, and set T =
S®. K. Suppose A is integral Dubrovinin T with ANK = W and B integral
Dubrovin in S with BNF = V. Then we can choose A so that A/B is
compatible iff the following equivalent conditions hold.

(1) Z(B) and W are linearly disjoint over V ,

2 ZB)NnWwW =V,

(3) I, =Ty,

(4) A=B®, W.

Proof. By Theorem 3.1, ', = 0;1(?(Z(F)/(Z(§)OW))) CI,. ThusT, =T,
iff Z(B)NnW =V iff Z(B) and W are linearly disjoint over V', as Z(B)/V
is a normal extension and W/V is separable. When these happen, B ®; W
is simple, so B ®, W is Dubrovin by [M,, Theorems 3.3 and 3.4], and is
a compatible extension of B. Conversely, if 4’ = B ®, W is Dubrovin, let
I=J(B)®,W.Then, I =J(B)®, W+B®, J(W) since J(W)=J(V)W.
Also, I C A' as W is a flat V-module. Then

A /1=Bey W =B®,5 (Z(B) ey W).

Now Z(B)®y W isa direct sum of fields, so 4'/I is semisimple. As 1 C J(4')
(since I # A') this implies that I = J(A'), so A'/I is actually simple, hence
Z(B)®y W is a field. Thus Z(B) and W are linearly disjoint over V. On
the other hand, if 4/B is compatible then [W , §3] (or Lemma 3.3) shows
FpCI',.Since I'yCT'y, weget I', =T,. O

In [JW, Theorem 3.1] Jacob and the second author prove a theorem about
inertial scalar extensions of Henselian valued fields. By using Dubrovin valua-
tion rings we now give a more natural proof of [JW, Theorem 3.1] in the case
of a Galois inertial extension.

Corollary 3.5. Let (F,V') be a Henselian valued field, (K ,W) an inertial Galois
extension of (F,V), D an F-central division algebra and E the underlying
division algebra of D®. K . If V},, V. are the invariant valuation rings of D,
E lying over V', W respectively then

1) ZVp) =Z(Vp)W.

2) Ve~ YV, @07 ZV)W .
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(3) Ty, =6, (Z(Z(V,)/Z(Vpy) "W).
(4) 6(Vp) =d(Vp).
(5) The following diagram is commutative:

T, /T, & Z(Z(Vy)/W)

l res

r, /T, 22 gz@y)/v),
Proof. Since F is Henselian, every central simple algebra T with F C Z(T)
and [T : F] < oo contains an integral Dubrovin valuation ring lying over the
(Henselian) valuation ring V' of F. As I'y, p =Tp, M, (B) =B, 6(M,(B))
=J(B) and 0 My (B) = 6y for any Dubrovin valuation ring B, by [W,, Corol-
lary 3.6, Theorems B and C], this corollary follows from Theorem 3.1 and the
diagram of Theorem 2.1. O

The next two results deal with inertially split algebras, that is central simple
F-algebras S such that S has a splitting field K which is an inertial extension
of F. In[JW, §5] such algebras are described homologically (for F Henselian).
Theorem 2.1 allows these results to be seen via Dubrovin valuation rings and
generalized.

Theorem 3.6. Let K/F be an inertial Galois extension relative to the valuation
rings W/V and let G = Z(K/F). Let S = (K,G, f) be a crossed product
algebra for some f € ZZ(G,K‘). Define o and w' as in Theorem 2.1, (with
A =W). If B is the integral Dubrovin valuation ring of S associated to w' then
Ip/T, =im(a), B=(W,I,g) for some g € Z*T, W), where I = ker(a)

and T is the image of I in £(W V), and B is defectless. Furthermore, if «

is the map Z(Z(B)/V) — &(W/V) —T,/T, induced by a, then 0, =ay .

Proof. Here C = K and so B is defectless since W is. Everything follows
immediately from Theorem 2.1. 0O

An easy calculation shows that the formula for a is the same as given in
[JW, Remark 5.5]. Hence we get a new proof of Theorem 5.6(b) in [JW]:

Corollary 3.7. Let (F,V) be a Henselian valued field and D an inertially split
division algebra with F = Z(D). Write D ~ (K,G, f) for any splitting field
K of D with K inertial Galois over F, and let o: G — A, /T",, be the map
of Theorem 2.1. If V), is the invariant valuation ring of D lying over V', then
Vy/V is defectless, T\, [T}, = im(a) and Z(Vy) = F (ker(a)).

Proof. Since D is inertially split and F is Henselian, D ~ (K, G, f) for some
K/F inertial Galois. The corollary then follows from Theorem 3.6. O

In [JW, §6] it is shown that a tame division algebra D over a Henselian field
can be decomposed up to Brauer equivalence into an inertially split division
algebra tensored with a totally ramified division algebra. Then information on
the value group and the center of the residue division algebra for the valuation
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ring of D is obtained from the tensor factors. We now generalize this to integral
Dubrovin valuation rings.

First, to set up notation, let (F, V) be a valued field, K, L Galois extensions
of F with G=%(L/F), H=%(K/F), n=|G| and m = |H| such that V
extends to V;, C K and V, C L with V. /V tame totally ramified and V,/V
inertial. Take f € ZZ(G,L*), ge ZZ(H,K*), S=(L,G,f), T=(K,H,g)
and suppose T is a totally ramified division algebra with respect to the extension
of v to T with invariant valuation ring B,. S has an integral Dubrovin
valuation ring Bg by Theorem 3.6.

Theorem 3.8. With S and T as above, S ®. T contains an integral Dubrovin
valuation ring B such that B is defectless, Ty =Ty +Tp , ker(6p) =Ty ,
B = (V,Gy,h) for some G, C G, and Z(B) = F (0, (Ty NI, )/T,) C
Z (F;) . Furthermore, the following diagram commutes:
T, /T, =% Z(Z(B5)/V)
res
r,/r, 2 gz®)/7).

Proof. Write S = @,cc;Lx,, T = @,y Ky, where the x_, y, have the
usual crossed product properties. We assume f and g have been normalized
and that f has also been modified to suppose f(c,7) € st(Bg) as in Theorem
2.1. Let w be the value function on S as in Theorem 2.1 and for convenience
also write w for the valuation on T. Since yt = H lg(t 1), w(y,) =
L Z, W g(t 7)). Furthermore, the w(y,) are distinct mod l",,K , and so

w(Y ey ky,) = min {w(k,) +w(y,)}. To see this, if w(y,) € I, , we can
modify y_ to assume w(y,) = 0. Thus for all a € V ?(_ai =y ay;l =
v.ay,' =a as B, =V, afield. So 7(a)/a = 1 for all a € K*. But the
proof of [JW, Proposmon 2.2) yields T =1. Let M = LK. Since LN K
is both totally ramified and inertial over F, LN K = F. Thus M/F is
Galois with Galois group G x H. Furthermore, M/F is indecomposed with
respect to V', and the extension V,, of ¥ to M has ¥,, =V, and r, =
', . By [R, 29 9,29.16], S®, T = (M,G x H,h) where h is the 2-cocycle
deﬁned by h((g,,7,),(0,,7;)) = flo,,0,)g(7,,7,). Let (M,G x H,h) =
Do coxn MZoe and define w' on S®,T = @, yegxn MZ,, asin Theorem
2.1. Then w'(z,,) = w(x,) + w(y,). To see this,

nm

w(z,) = =3 w(h((, 7)), hio 7)) Zw(f(a 08t 7))
i=1
= Y (e o)+ % > wls(e o)

w(f(a' o) + o S (gl ) = w(x,) + w(,)
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since |G| = n and |H| = m. The kernel of the canonical map £(M/F) —
(Vy,/V) is H. Let I be the kernel of a: Gx H— A/T, =A/T,, given by
a(o,1) = w'(zﬂ) +I, . IfreHdnlI, w'(zh) +I, =wy,)+I, =0,s0
w(y,) € I"VM = I"VK , which implies 7 = 1. Thus I N H = 0, so by Corollary
2.4, Theorem 2.1 applies.

Let BC S®, T be the integral Dubrovin valuation ring obtained from w'.
Then I“B/FVK = im(a) = (Tp, + FBT)/B,K ,80 I'y = I“Bs +Tp . _B/Ii is de-
fectless since V), /V is defectless. Let I be the image of I in &(V,,/V)=G.
Then B = (V,,,I,k) for some cocycle k. Since I = {0 € G | w(x,) €
Ty} 2{0€G|ux,)eT,}=2F7/zB), 2B =T c Z(Ey).
BBs(w(xo)) = ElZ(B—s) and GB(w'(zm)) = (O’,T)|Z(§) = EIZ(E)' Since w'(zm)
w(x,) +w(y,), Og(w(x,)) = 03(“’/(201)) = E|Z(§) , which is the restriction of
05, (w(x,)) to Z (B). So the diagram commutes. To determine Z(B) note
that 'y /T, ={w(x,)+T), | o € G} and 0, (w(x,)+T,) =70,z  So
BBS((I"BS NTp)/Ty) = {E|Z(B—S) |w(x,) elp } = {E|Z(B—S) | 6 € I'}. There-
fore F(HBS((FBS Nrp)/Ty)) = FMNZ(Bg) =F(I)=Z(B) since F(I) C
Z(By). Finally to see I'y = ker(6y), since Iy =T, +(w(y,) | € H)
and Oy(w(y,)+T),) =1id, I'y C ker(6). For the reverse inclusion, take
a € ker(6p). Since T'y = I"Bs +Tp , a=w(x,)+y with y € I'y . Then
w(x,) € ker(6,) . So we see from above that g € I, hence w(x,) € Iy . O

Corollary 3.9 [JW, Theorem 6.3]). Let (F,V) be a Henselian valued field, S
an inertially split division algebra over F and T a tame, totally ramified di-
vision algebra over F. If D ~ S®,. T and V,, Vg, V. are the invariant
valuation rings of D, S, T respectively lying over V, then FVD = I“VS +Ty,
I“VT/I‘!, = ker(OVD)., Z(Vp) = ?(OVS((FVS nr,)/Ty), and the following dia-
gram is commutative:

r,/T, 2% 2ZV/V)

1 =

ry,/T, % F(Z(1Vp)/P).
Proof. Say L, is an inertial splitting field of S'. If L is the normal closure of
L,/F ,then L/F isinertial Galoisand S ~ (L, G, f) forsome f € Zz(G,L*) ,
where G = ¥(L/F). Draxl’s decomposition theorem [Dr, Theorem 1] shows T°
is a tensor product of symbol algebras, hence a crossed product. Thus, Theorem
3.8 appliesto (L,G, f)® T . Since this algebra is isomorphic to some M, (D),
any Dubrovin valuation ring of it lying over V' is isomorphic to M, (V}) by
[W,, Theorem A]. The corollary then follows because M, (V,) = M, (VD) and

er(VD) =TI, by [W,, Corollary 3.5]. O

In [W , ] the second author determines those division algebras which arise as
the residue division ring of an invariant valuation ring in a finite dimensional F-
central division algebra. One step in the proof is to decompose a given valued
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division algebra (in the Brauer group Br(F)) into a tensor product of other

division algebras, such that the residue division ring of each piece can be easily

calculated. Given two such pieces, say D, and D, , it is seen that I’ vy, N r Vo, =
1

T, , but V_DI®7V_D2 is not neccesarily a division algebra. However, there is a
common subfield L of D, and D, inertial over F with ¥, C Z(V,,) such

that ¥, ®;-V}, is a division algebra. The second author then proves [W ,,
Proposition 2], a generalization of [M | , Theorem 1], to describe the underlying
division algebra of D, ®. D, .

Theorem 3.11 below generalizes [M ,, Theorem 3.3] and [W ,, Proposition
2] in the context of Dubrovin valuation rings. The generalization is complicated
by the fact that contractions of Dubrovin valuation rings to subalgebras need
not be Dubrovin valuation rings. The hypothesis (4) of Theorem 3.11 is needed
to go from the original central simple algebra to a centralizer. The examples in
84 show the pathology that can arise in this situation.

Lemma 3.10. Let S be a central simple F-algebra, B an integral Dubrovin
valuation ring over V in S, L C S an inertial Galois extension of F with
respect to W|V . Suppose W C Z(B) and either B is invariant or for all
overrings V, of V in F, WV, C Z(BV,). If C = C4¢(L) and AC C isa
Dubrovin valuation ring over W then A isintegral, A=B, T (=ker(p) CTy,
where p:Tp — Z(W/V) is the map induced by 6. Furthermore, A/W is
defectless iff B/V is defectless.

Proof. If B isinvariant then 4 = BNC and the lemma is clear by using [M | ,
Theorem 2] and [JW, Lemma 1.8]. So suppose B is not invariant. First, to
show A is integral we use [W |, Theorem F]. Let B C B, C B; be two overrings
of B with V, = B,nF and V.=B,NF. Since W/V isinertial, W, = WV,
and W; = WVj are inertial over V; and V] respectively. Let 4, = AW, and
A; = AW, overrings of A. By Theorem 3.1 we get Z(4,) = Z(B,)W, =
Z(B). Let ¥, = V;/J(V,)) CV; and W, = W,/J(W,) C W,. Since B/V is
integral, 171 extends uniquely to Z(B_j) . Thus the diagram below shows W,

extends uniquely to Z (A_j) . Thus by [W ,, Theorem F], 4/W is integral.
Z(4) = Z(B)

C

C

\<| C&.§| Cc

7
Y
Vi

To determine I', and A we “Henselize” and use [W,, Theorem B]. If
(Fy,V,) is the Henselization of (F,V) and (L,,W,) is the Henselization of
(L,W), then L, = LF,. Let D, E be the underlying division algebras of
S® F, and C ®; L, respectively. Since F, and L, are Henselian, there
are invariant valuation rings R C D and R’ C E extending V, and W, re-
spectively. So [W,, Theorem B] shows that I'; =T, I', =T

R/’FNﬁ
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and 4 ~ R'. By Corollary 3.5, R ~D,so A~ B as W C Z(B). Also,
Iy = 0;1(?(Z(F)/Wh)), hence I', = ker(p). d(4) = S5(R') = 6(R) = 6(B),
so A is defectless iff B is defectless. The only thing remaining is to show
A=B. Since A~ B it suffices to show ¢, =1, . Since 4 and B are integral
it is then enough to show n, = ny. By definition of n, and n,, S®, F, =
M, (D) and CQ®, L, = MnA(E). Since C ~ S ®, L, dimension count shows
S®.L=M,(C),where [ =[L: F]. Therefore (S®,L)®, L, = M, (E). But
(S®FL)®, L, =8S@p L, = S®p(F,®g L) = (S®; F,)® L, = M, (D®F,,L ).
Since Wh = W C Z(B)=Z(R) and F, , 1s Henselian, L, embeds in D, so
D®F,, L, = M/(E). Thus M, A(E) M, (E),s0o n,=ng. 0O

Theorem 3.11. Let S, and S, be central simple F-algebras, B, C S, integral
Dubrovin valuation rings with B.NF = B,NF = V. Suppose S, and S,
contain a common subfield L which is Galois over F, | =[L: F], and L has
an extension W of V for which WV s inertial. Suppose further that

(1) WC Z(B)), Z(B,),

(2) Ty NIy B, =I,,

(3) B,®w B, is simple Artinian,

(4) Either the B, are both invariant, or for all overrings V, 2 V in F,
WV, c Z(B,V). Z(B,V).

(5) B,/V is defectless.
If $=8,®.S, and B is a Dubrovin valuation ring in S lying over V', then B
is integral, B = M;(B,®yB,), Ty ={y +v,€ly +T4 | 0,(2)) = p,(7,)) },
where p,: Ty — Z(W/V) is given by p,(bB])(W) = bwb™".
Proof. Let C; = Cs (L) and 4, Dubrovin over W in C;. By Lemma 3.10,
A, is integral over W, 4, = B, and r,=Tz. ThusI, nT, =T, =
and A4, ®y A4, is simple. Furthermore A /W is defectless since B, /V is
defectless. By [M,, Theorem 3.3] if C = C, ®, C, and A is the integral
Dubrovin valuation ring of C described by that theorem, 'y = T’ 4 t r 4,
and 4 = 4, @ 4,. We write S, = (C,,G,(w,, f,)), with (w,, f;) chosen as
in Theorem 2.1 so that f(o,t) € st(4;) for all o, 7 € G. By the product
theorem [T, Theorem 1.6] or [J,, 1.15] or [KY, Theorem 3], $ =S, ®, S, ~
(C,G,(w,®w,,f®f,)). Let §;=(C,G,(w, ®w,, f ®f,)). By dimension
count, S = M,(S;) and S;®, L = M(C),s0 S®, L =M,(C). Since S®, L
contains the integral Dubrovin valuation ring M,(A4), S contains an integral
Dubrovin valuation ring B by Theorem 3.1. As S = M(S;), S, contains an
integral Dubrovin valuation ring B, with B = M/(B,). That corollary gives
A~ M,(4 )~B®Z Z(BYW =B as W C Z(B). Because

I, =0, (2(ZB)/(ZB)nW)) =6, (Z(Z(B)/W)),

Tz:T,l=1. As d(4) = d(B), using [W , Theorem C] applied to [S : F]
and [C : L] we see that [B: V] =[[4:V],s0o B=M,4) = M(B, ®B,).
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To determine I'y, we have to look more closely at ;. Say S, = @aec Cx,,
S, = B,ecCy, and §; = D,c;Cz, wherethe x_, y,, z, correspond to
(@,,f)), (0,,f,) and (@, ®w,, f; ® f,) respectively. Since f,(c,7) € 5t(4,),
file,1)® f(0,7) €st(A). If w,, w,, w are the value functionson C,, C,,
C corresponding to 4,, 4,, 4 and w|, w,, w’ are the value functions on
S,, S,, S, corresponding to B,, B,, B, respectively, then

w'(z

) )i . .
72 w(h(a',0)) = 7 Zw(fl(a',a)@)fz(a’,a))

i
Z f,(a ,0))+ = sz f2(a ,0))

\,'

( )+w2(y )-

Therefore I'y =T, + +(w' z,)) € (g +{w, (x, )+ 1, +(w,(¥,))) =T +Tp,
Since p,(w, (x ) = (wz(y ) =7 'it follows that F ={y+7n€lp +Ty |
) =p()}. D

This result has a couple of corollaries which deal with invariant valuation
rings and arbitrary Dubrovin valuation rings. Note that B ®—B being simple
is equivalent to Z (B]) and Z (Bz) linearly disjoint over W .

Corollary 3.12. Suppose (F,V) is Henselian, D,, D, F-central division al-
gebras, Vp, € D; invariant valuation rings lying over V with VD./ V defect-
less, I, nry, =T, , & =Z(V,)NZ(Vy,,) separable over V and Z(V,)

and Z (I—/D_;) Iinearly dzs;oznt over .‘Z . If D is the underlying division algebra
of D, ®D,, then I', ={y +7, € FVD. + I“VD2 | p,(7)) = py(7,)} where
pi:Ty, —~Z(Z/V) isas above and V, ~V, ®, V), .

Proof. Because . is separable over ¥V and F is Henselian, there is a unique
(up to isomorphism) inertial extension L of F with VL = .2, which lies in
both D, and D,. As Z (VD|)sep is abelian Galois over V by [JW, Proposition
1.77and ¥ C Z (V_D|)sep , Z/V is Galois, hence L/F is Galois. The linear
disjointness of Z(V},) and Z(V), ) over . implies that V;, @V}, is simple.
Since D, ®; D, = M, (D) for some D, the corollary then follows directly from
Theorem 3.11 and [W |, Corollary 3.6]. O

Corollary 3.13. Let (F,V) be any valued field, S, and S, central simple F-
algebras and B; C S; Dubrovin valuation rings over V. Suppose B[V is
defectless_, Ty NIy =T,, & =Z(B))NZ(B,) separable over V, and Z(B))
and Z(B,) linearly disjoint over £ . Then if B is a Dubrovin valuation ring
in S, | ®F S, lying over V, we have T'y = {y, + 7, | p,(¥)) = p,(v,)} and
B~ B By B

Proof. This follows easily from Corollary 3.12 and the Henselization theorem
[W,, Theorem B]. O
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The conditions in Corollaries 3.12 and 3.13 that Z(B,)NZ(B,) is separable
over V and Z(B)) and Z(B,) be linearly disjoint over the Z(B,)N Z(B,)
occur quite often. For instance if either Z(B,) or Z(B,) is separable over V
then both conditions hold. Hence if B,/V is tame then these conditions hold.

4. EXAMPLES

In Theorem 3.11 it is somewhat unsatisfying to have to include hypothesis
(4). However, the second example below will show that this is necessary. The
difficulty shows up in Lemma 3.10. Given C a subalgebra of a central simple
algebra S and an integral Dubrovin valuation ring B in .S one would like to
obtain an integral Dubrovin valuation ring in C . This is not always possible, as
shown in the next example. This shows one particular difficulty with Dubrovin
valuation rings, that contractions of Dubrovin valuation rings to subalgebras
need not be Dubrovin.

Example 4.1. D an F-central division algebra, L C D a Galois inertial field
extension of F with respect to the valuation rings W |V , B integral Dubrovin
in D lying over V with W C Z(B), C = Cp(L), but C contains no integral
Dubrovin valuation ring lying over W . Thus BN C is not a Dubrovin valuation
ring.

Proof. Let

F=Q(x,y), L=FK2), D= (%) ®, <?’F—y>

Let V' be composite of the usual rank two valuation ring on F with the 5-
adic valuation ring on Q. (That is, V' is the valuation ring inherited from
Q((x))((»)) .) Since 2 is not a square mod 5, Z extends uniquely to Q(V2),
hence V extends uniquely to an inertial valuation ring W of L. D can be
seen to be a division ring in much the same way as in the examples in [M, ]
(by considering the y-adic valuation ring of F ), but since knowing whether D
is a division ring is not needed, the proof will be omitted.
2.1

Now (L-'V*—x) is an Azumaya algebra over V' with residue ring (—7?—) =
M,(Z/5Z). By JW, Ex. 4.3] (3—1,2) is a nicely semiramified division algebra
over F with residue division algebra F(v/3) = (Z/5Z)(v/3). If B is the tensor
product of the above Azumaya algebra with this invariant valuation ring, then B
is an integral Dubrovin valuation ring over V' with residue ring M,(Z/5Z)®, /52
(Z/5Z)(V3) = MZ((Z/SZ)(\/§)) = MZ((Z/SZ)(\/i)) by [M,, Theorems 3.3 and
3.4]. Thus W = (Z/5Z)(v2) C Z(B).

Let C = Cp(L) = L®. (3—}) = (ézz) . If W’ is the usual rank two valuation
ring on L with residue field Q(v/2), then C is a nicely semiramified division
algebra over L with residue division algebra W'(v/3) = Q(v2,V/3). Now the
5-adic valuation ring of Q extends in two ways to Q(v2,v3). Let 4 be
the composite of the nicely semiramified valuation ring in C with one of the
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extensions of Z to Q(V2,V3). By [W , Th. F], since Z, extends in more
than one way to Q(v/2,v/3), A4 is not integral. This shows that the inequality
sg < s, in Theorem 3.1 can be strict. O

As a preliminary to the next example, for F, L, V', W as in the above

example, let D = (%{-ﬁ) ®p (3—,:2) and V' the usual rank two valuation ring

of F with residue field Q. By [JW, Ex. 4.3], (%ﬁ) and (lﬁx) are nicely

semiramified division algebras over V' with value groups 1ZxZ, Zx1iZ
and residue division algebras Q(v2), Q(v/3) respectively. Thus by [JW, Ex.
4.3], D is a nicely semiramified division algebra whose invariant valuation
ring B’ satisfies B’ = Q(v2,V3). Z,, extends in two ways to B'. If B is
the composite of B’ and one of these extensions, then B is a noninvariant
Dubrovin valuation ring of D over V with ¢, = 1. Thus ny #t,,s0 B is
not integral. We will use this to give the following example.

Example 4.2. D,, D, F-central division algebras, B, C D, integral Dubrovin
over V, L C D, D, inertial Galois over F (with respect to W C L) with
Iy NTy =T,, WCZ(B,), B ® B, simpleand B[V defectless, but there
is no integral Dubrovin valuation ring in D, ® . D, lying over V .

Proof. Let F, L, V, W be as above, and set

2,11 3,7y 2,11x 3,7
b= (3 )er (7). 2= (B5) e ().

Thus L € D,. (%Y) and (3Z) contain Azumaya algebras A4, and A
i F F 1 2

respectively with A4, = 4, = M,(Z/5Z). The algebras (1?72) and (17‘,‘—")
contain nicely semiramified invariant valuation rings C, and C, respectively
with T =Zx 3ZxZ, ', =ZxZx3Z and C, = C, = W respectively, as
(Z/5Z(V2)) = (Z/5Z(V3)) = W . If B, = 4,®, C,, then by [M,, Theorems
3.3 and 3.4], B, is integral Dubrovin, B, = M,(W) and T’ 5, =T¢c, - Soall the
above conditions hold. However

(2,11 2,11x 3,7y 3,7
pior ;= (57) o0 (35) o (7)o (57)

i (7)) ()

where D is the division algebra described before this example. Since D has
no integral Dubrovin valuation ring over V', neither does D, ®,. D,. O
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